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Abstract 
A quaternion formulation is applied to the intrinsic transfer matrix for longitudinal elastic wave propagation through a multilayer 
medium in order to find the spectral response of a sonic crystal. Resonance conditions and the band structure of the crystal are 
obtained. The presence of a defect is also analysed. The analysis is carried out theoretically and through simulations. A coupled 
oscillators model is used to validate the obtained results from a phenomenological point of view. Experimental measurements are 
carried out for some periodic multilayer arrangements and they are correlated with theory. The obtained spectral response and 
band structure are essential in characterising the sonic crystal and also in optimising its structure in order to obtain specific 
passbands and stopbands. The adaptedness of the quaternion formulation to periodic structures and to the inclusion of defects is 
considered. 
© 2015 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of the Scientific Committee of 2015 ICU Metz. 
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1. Introduction 
Propagation of elastic waves in artificial periodical structures such as composite materials, sonic crystals or 
phononic crystals is a challenging problem which attracted a large interest in the last two decades. This considerable 
interest is justified because such periodical structures are characterized by acousic bandgaps that give passband or 
stopband functions to these structures with important applications in sound insulation, environmental noise control 
or in high frequency domain for filtering and sensing (Badreddine et al. (2014)).  
Computational studies regarding sonic crystals use different methods for estimation of the band structures, e. g. 
Bragg scattering and heuristic models (Hirsekorn (2004)), plane wave expansion method (PWE) (Kushwaha et al. 
(1994),Vasseur et al. (2012)), finite difference time domain method (FDTD) (Miyashita (2005), Alagoz et al. 
(2009), Sigalas and Economou (1992)). One of the most used methods in the study of sonic crystals is the transfer 
matrix method (Han et al. (2012), Cretu and Nita (2004)) because of the layered arrangement of such structures. We 
propose in this work a study of the behaviour of sonic crystals by means of a modal analysis based on the properties 
of intrinsic transfer matrix (Cretu and Nita (2013), Cretu et al. (2013), Cretu and Pop (2008)), from which the 
properties of sonic crystals under longitudinal 1D propagation of sound waves can be derived. Particularly the 
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resonance behaviour of such a structure is studied. Defects in the periodic structure are also considered. 
2. Transfer matrix formalism in Fourier space 
Consider a rod with free input and output ends (in, out for short), which is composed of n  layers ni ,...,2,1=  
ordered along its length, where each layer is of a different material. The material properties of layer i  are: length il , 
mass density iρ , sound velocity ic  and acoustic impedance iii cZ ρ= . The wave number through layer i  is 
ii ck ω= , where fπω 2=  is the angular frequency and f  the frequency. We label the progressive and regressive 
Fourier transformed waves at the output of layer i  as iA  and iB  respectively. They are complex-valued functions 
of f . The propagation of the wave along the rod can be modeled by the intrinsic transfer matrix T , which is a 
22 ×  matrix with complex coefficients operating on the input waves: 
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The wave changes through the rod are of several types: (i) propagation through a layer i , characterised by the 
propagation matrix iP ; (ii) reflection and transmission through the interface between 2 layers i  and j , 
characterised by the discontinuity matrix ijD ; (iii) reflection at the output end, with reflection matrix R : 
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The transfer matrix is 112223,1 ... PDPDDPT nnn −=  and it has a general expression of the form: 
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where a , b  are complex coefficients and *a , *b  their conjugates. Its determinant is zZZT n == 1det . 
 At resonance, consider the eigenvalue problem UUT λ=⋅ , where λ  is an eigenvalue of T  and 
( )tUUU 21=  is the corresponding eigenvector. For free ends the resonance condition is 121 == UU , which 
from the eigenequation reduces to ba ImIm = . The eigenvalue at resonance is ( )bares += Re.λ . 
Next we determine some general relations of the transfer matrix T  for a medium with n  layers with free ends as 
a function of the transfer matrix τ  of one period. Since ( )tU 11=  is an eigenvector of the discontinuity matrix we 
will further consider that nT τ= . Then 1detdet == τT .  
 Consider the eigenequation for τ : 01Re22 =+⋅− ττ λαλ . According to the Cayley-Hamilton Theorem 
(Kobayashi  et al. (2004)), the matrix τ  verifies a similar equation 0Re22 =+⋅− Iτατ , where I  is the 22×  unit 
matrix. Take IBA nn
n
−= ττ , where nA  and nB  are some numeric coefficients. By induction one obtains: 
11 Re2 −+ −⋅= nnn AAA α , with 00 =A , 11 =A . We look for a solution of the form 
nn
n xCxCA
−
⋅+⋅= 21 . It follows 
that 2,12,1 τλ=x  and ( ) ( )2121 ττττ λλλλ −−= nnnA . It can be shown that nA  takes one of the forms: 
ψψ sinhsinh nAn =  if 1Re2 >α , with ψα coshRe = ; ψψ sinsin nAn =  if 1Re2 <α , with ψα cosRe = ; ( ) nA nn 1Re += α  if 1Re ±=α . Then: 
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At resonance ( ) 0Im =− ba , which reduces from (4) to ( ) 0Im =−⋅ βαnA . Considering the possible forms of nA  
the resonance conditions in terms of the period matrix τ  are either of the above: 
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¹
·¨
©
§
= nk
n
kπ
α .  (5) 
3. Split-quaternion formulation 
Split quaternions are algebraic entities of the form (Özdemir and Ergin (2006), Özdemir (2009)) 
zkyjxisq +++= , where s , x , y , z  are real numbers and complex units i , j , k  have the properties 12 −=i , 
122 == kj , 1=ijk . sqSc =  is called the scalar part and zkyjxiqVect ++=  the vector part of q . The conjugate 
of q  is qVectqScq −= ; its absolute value is qqq = . The commutator [ ] 122121 , qqqqqq −=  is used; in 
general [ ] 0, 21 ≠qq . Quaternion q  is called timelike if 0>qq , spacelike if 0<qq  and lightlike if 0=qq . Another 
form of q  is jqSpqTmq ⋅+= , where xisqTm += , ziyqSp +=  are the temporal and spatial components of q . 
Depending on their type, quaternions admit trigonometric or hyperbolic expressions (Özdemir (2009)) ( ) ( )[ ]θνθ SCqq += , where LqVectqVect=ν  and ( ) ( )θθ SC ,  are functions of a quaternion argument θ : ( ) ( ) ( ) ( )θθθθ sin,cos == SC  if q  is timelike and qVect  is timelike; ( ) ( ) ( ) ( )θθθθ sinh,cosh == SC  if q  is timelike 
and qVect  is spacelike; ( ) ( ) 1,1 == θθ SC  and ( ) nnS =θ  if q  is timelike and qVect  is lightlike; 
( ) ( ) ( ) ( )θθθθ cosh,sinh == SC  if q  is spacelike. If q  is a timelike then ( ) ( )[ ]θνθ nSnCqq nn += . A split 
quaternion q  has the matrix representation (Antonuccio (2014)): 
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The split-quaternion matrix representation can be used to compute the transfer matrix of a multilayer medium. 
Transfer matrices translate into timelike split quaternions. Consider next a multilayered medium with layers’ matrix 
τ  and a “defective” layer with matrix dτ : 
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The total transfer matrix is 12DT
m
d
n τττ= . The transfer matrices are represented by split quaternions: qτ , 
dd qτ , 1212 qD  , TqT  . Then 12qqqqq
m
d
n
T = . Applying quaternion properties, one obtains: 
 
 ( ) jqqqqSpqqqqq ddmndnmT ⋅⋅−⋅−= + *12*12 ,  (8) 
 
Matrix T  can be obtained from (6) and (8). For this, label izyyz ννν += , ( ) ( ) ( )iSCE x θνθθ += , ( ) ( )zzA ddd −++= 11 βα , ( ) ( )zzB ddd ++−= 11 βα . Then: 
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Fig. 1. Resonance spectra for  (a) 100 pairs aluminium-brass rods; (b) the same structure with periodic defects (inclusions) at every 10 layers. The 
resonance condition is 01' =−inA . 
4. Conclusions  
Elastic wave propagation through a multilayer medium can be  modeled by an intrinsic transfer matrix.  A 
correspondence between 22×  matrices and split quaternions allows applying a quaternion formulation to wave 
propagation. This simplifies analytical calculations for a periodic multilayer structure. A series of 1D sonic crystals 
have been analysed and the presence of defects was considered. The band structure was reconstructed from the 
resonance spectra. The number and position of defects have a strong influence on the position and thickness of 
stopbands and passbands in the resonance spectrum. Also, if the defects are placed in a periodic manner, the 
resonance spectra become complicated if there is a mismatch between the base structure and defect periods. 
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